The paper is concerned with the controllability of nonlinear neutral fractional impulsive differential inclusions with infinite delay in a Banach space. Sufficient conditions for the controllability are obtained by using a fixed point theorem due to Dhage.
Introduction
Fractional differential equations have been proved to be one of the most effective tools in the modeling of many phenomena in various fields of physics, mechanics, chemistry, engineering, etc. For more details, see [-] . In order to describe various real-world problems in physical and engineering science subject to abrupt changes at certain instants during the evolution process, impulsive differential equations have been used to model the systems. The theory of impulsive differential equations is an important branch of differential equations, which has an extensive physical background [-] .
Controllability is one of the important fundamental concepts in mathematical control theory and plays an important role in control systems. The problem of controllability is to show the existence of a control function, which steers the solution of the system from its initial state to a final state, where the initial and final states may vary over the entire space. A standard approach is to transform the controllability problem into a fixed point problem for an appropriate operator in a functional space. The problem of controllability and optimal controls for functional differential systems have been extensively studied in many papers [-] . For example, Wang JinRong and Zhou Yong [] proved the existence and controllability results for fractional semilinear differential inclusions involving the Caputo derivative in Banach spaces by using operator semigroups and Bohnenblust-Karlin's fixed point theorem. Wang Jinrong et al. [] established two sufficient conditions for nonlocal controllability for fractional evolution systems under some weak compactness conditions. Wang Jinrong et al. [] considered the nonlinear control systems of fractional order and its optimal controls in Banach spaces and the sufficient condition is given for the existence and uniqueness of mild solutions for a broad class of fractional nonlinear infinite dimensional control systems. Wang Jinrong et al. [] studied optimal feedback controls of a http://www.advancesindifferenceequations.com/content/2014/1/234 system governed by semilinear fractional evolution equations via a compact semigroup in Banach spaces. Since many systems arising from realistic models heavily depend on histories (i.e., there is the effect of infinite delay on the state equations) [] , there is a real need to discuss partial functional differential systems with infinite delay. So, in the present paper, we will concentrate on the case with infinite delay and establish sufficient conditions for the controllability of systems (.) by relying on a fixed point theorem due to Dhage [] .
In this paper we will concentrate on the case with infinite delay and impulsive effect, and establish sufficient conditions for the controllability of the following fractional impulsive differential inclusions: 
) represent the left and right limit of x(t) at t = t k . P(X) denotes the class of all nonempty subsets of X. The histories x t : (-∞, ] → X, x t (s) = x(t + s), s ≤ , belong to an abstract phase space B h .
The structure of this paper is as follows. In Section  we briefly present some basic notations and preliminaries. The controllability result of system (.) is investigated by means of a fixed point theorem and operator theory in Section . A conclusion is given in Section .
Preliminaries
Let (E, · ) be a Banach space. A multivalued map J :
J is called upper semicontinuous (u.s.c.) on E, if for each x * ∈ E, the set J(x * ) is a nonempty, closed subset of E, and if for each open set B of E containing J(
J is said to be completely continuous if J(B) is relatively compact, for every bounded subset B ⊆ E.
If the multivalued map J is completely continuous with nonempty compact values, then J is u.s.c. if and only if J has a closed graph (i.e., x n = x * , y n = y * , y n ∈ Jx n imply y * ∈ Jx * ). Let BCC(E) denote the set of all the set of all nonempty, bounded, closed, and convex subsets of E. For more details of multivalued maps see the books of Deimling [] , and of Hu and Papageorgiou [] .
If T is an uniformly bounded and analytic semigroup with infinitesimal generator A such that  ∈ ρ(A) then it is possible to define the fractional power (-A)
is dense in X and the expression
with the norm · α . We suppose that A is the infinitesimal generator of an analytic semigroup of bounded linear operators T(t),  ∈ ρ(A), for t ≥ , then there exist constants M such that |T(t)| ≤ M. Then the following properties are well known [] .
Lemma . []
Suppose that the preceding conditions are satisfied. 
Definition . The fractional integral of order α with the lower limit  for a function f is defined as
provided the right-hand side is pointwise defined on [, ∞). Here (·) is the gamma function.
Definition . The Caputo derivative of order α with the lower limit  for a function f can be written as
The key tool in our approach is the following fixed point theorem [] .
Theorem . ([]
Dhage's fixed point theorem) Let X be a Banach space.  : X → P cl,cv,bd (X) and  : X → P cp,cv (X) be two multivalued operators satisfying:
(a)  is a contraction, and
Then either:
We present the abstract phase space B h , which has been used in [, ] . Assume that 
Main result
In the following, we shall apply Theorem . to the study of the controllability of system (.).
. . , t m } is continuous and the integral equation
is satisfied, where
ξ α is a probability density function defined on (, ∞), that is, ξ α (θ ) ≥ , θ ∈ (, ∞), and
Lemma . [] The operators S α (t) and T α (t) have the following properties: () For any fixed t > , S α (t) and T α (t) are linear and bounded operators, i.e., for any
() The operators {S α (t)} t≥ and {T α (t)} t≥ are strongly continuous and compact.
() For any x ∈ X, β ∈ (, ) and θ ∈ (, ], we have
Definition . System (.) is said to be controllable on the interval J if for every contin-
To investigate the controllability of system (.), we use the following hypotheses:
(H  ) A is the infinitesimal generator of an analytic semigroup of bounded linear operators 
tinuous, and
There exist an integrable function p : J → [, +∞) and a nondecreasing function ψ :
) for almost all t ∈ J and all x ∈ B h . (H  ) There exists a positive constant r such that
where Now, consider the multivalued map L :
Lemma . (Lasota and Opial []) Let I be a compact real interval and X be a Banach space. Let F be a multivalued map satisfying (H  ) and let be a linear continuous mapping from L  (I, X) to C(I, X). Then the operator
• S F : C(I, X) → BCC C(I, X) , x → ( • S F )(x) = (S F,x ),
is a closed graph operator in C(I, X) × C(I, X).

Lemma . [, ]
where f ∈ S F,x .
We shall show that the operator L has fixed points, which are then a solution of system (.). For φ ∈ B h , we defineφ bȳ
It is clear that x satisfies (.) if and only if y satisfies y  =  and
b is uniformly bounded, for any y ∈ B q , and from Lemma ., we have
Define the multivalued map :
(.)
Now we decompose as  +  , where
Proof We divide the proof into several steps.
Step . We remark that  for each y ∈ B 
Hence  is bounded.
Step .  y is convex for each y ∈ B  b . In fact, ifρ  ,ρ  belong to  y, then there exist f  , f  ∈ S F,y such that, for each t ∈ J, we haveρ
Let μ ∈ [, ], since the operators B and W - are linear, we have
Since S F,y is convex (because F has convex values), we have (
Step . We will prove that the operator  is a contraction operator on
Thus  is a contraction on B  b .
Step . Next we show that the operator  is completely continuous. First, we prove that  maps a bounded set into a bounded set in B 
We have for t ∈ J 
then, for eachρ ∈  (B q ), we have
Step . Next, we show that  maps bounded sets into equicontinuous sets of
Let r  , r  ∈ J -{t  , t  , . . . , t m }, we have As r  → r  , the right-hand side of the above inequality tends to zero, thus the set {  y :
y ∈ B q } is equicontinuous. This proves the equicontinuity in the case where t = t i , i = , , . . . , m. Similarly one can prove that t = t i . The equicontinuities for the other cases, http://www.advancesindifferenceequations.com/content/2014/1/234 r  < r  ≤  or r  ≤  ≤ r  ≤ b, are very simple. As a consequence of the Arzela-Ascoli theorem,  is completely continuous.
Step .  has a closed graph. Let y (n) → y * ,ρ n ∈  (y (n) ) and ρ n →ρ * . We shall prove thatρ * ∈  (y * ). Indeed,ρ n ∈  (y (n) ) means that there exists f n ∈ S F,y (n) , such that
We must prove that there exists f * ∈ S F,y * such that since I k , k = , , , . . . , m are continuous, we obtain ρ n (t) -
